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Let ! be a Þnitely presented group. We consider the relationship between the complexity of the word problem in
! and the topology of asymptotic cones Cone
u
!. We prove that there exist groups ! which satisfy a polynomial
isoperimetric inequality but do not have simply connected asymptotic cones. ( 1999 Elsevier Science Ltd. All
rights reserved.
INTRODUCTION
The purpose of this article is to answer a question of M. Gromov concerning the relation-
ship between the isoperimetric properties of discrete groups and the topology of asymptotic
cones. Given a Þnitely generated group ! with a word metric d, we consider the sequence of
metric spaces X
n
"(!, (1/n)d ); the identity element serves as a basepoint. One expects limit
points of this sequence to contain information about the asymptotic properties of the
group !. If ! has polynomial growth then X
n
converges in the pointed Gromov—Hausdor⁄
topology [8, 13]. In general, X
n
will not even contain a convergent subsequence. One
remedies this by passing to ultralimits. Let u be a non-principal ultraÞlter on the natural
numbers. The ultralimit limu(!, (1/n)d) (as deÞned in Section 1 below) is called an asymp-
totic cone of ! and is denoted Coneu!.
In [10] Gromov initiated a study of the extent to which properties of ! are encoded in the
geometry and topology of Coneu!. A simple illustration of the type of information encoded
in Coneu! is the fact that ! is word hyperbolic if and only if Coneu ! is an R—tree (see [10]).
This can be viewed as a connection between the topology of Coneu ! and the complexity of
the word problem in !, because a Þnitely presented group is hyperbolic if and only if it
satisÞes a linear isoperimetric inequality [9].
Recall that a Þnitely presented group !"SA DRT is said to satisfy a polynomial
isoperimetric inequality if there exist constants a and d such that if a word of length n in the
free group F (A) represents the identity in !, then it is freely equal to a product of at most
and conjugates of the deÞning relations RB1. In [10] Gromov established the following
connection between the algebraic topology of Coneu ! and the complexity of the word
problem in !. A related result, expressed in the language of non-standard analysis, had been
obtained some years earlier by Handel [11]. A more detailed version of GromovÕs proof was
given by Drutu [5].
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THEOREM A. ‚et ! be a Þnitely generated group. Suppose that for every non-principal
ultraÞlter u the asymptotic cone Coneu! is simply connected. „hen ! is Þnitely presented and
satisÞes a polynomial isoperimetric inequality.
Gromov also raised the question of whether the converse to Theorem A might be true
[10, 5F
2
], and he indicated how the problem was related to isodiametric properties of !.
Taking up GromovÕs remarks, Panos Papasoglu [14] proved the following:
THEOREM B. ‚et ! be a Þnitely presented group. If ! satisÞes a quadratic isoperimetric
inequality then Coneu! is simply connected for every non-principal ultraÞlter u.
At this point it is worth noting that all Þnitely generated nilpotent groups have simply
connected asymptotic cones but the optimal isoperimetric inequality satisÞed by such
groups can be polynomial of arbitrary degree.
The purpose of the present article is to prove:
THEOREM C. „here exist Þnitely presented groups ! such that Coneu! is not simply
connected for any non-principal ultraÞlter u, yet ! does satisfy a polynomial isoperimetric
inequality.
When Coneu! is not simply connected its local structure tends to be very complicated.
Each of the examples which we shall describe in our proof of Theorem C has the following
additional property.
ADDENDUM. For every u, every p3Coneu !, and every neighbourhood” of p, the image of
n
1
(”, p)Pn
1
(Coneu !, p) is non-trivial.
One can also arrange for the groups in Theorem C to be of arbitrary cohomological
dimension d*2. To construct a two-dimensional example, we begin with a semidirect
product of two free groups of rank two F(a, b)J F(s, t), where t acts trivially on F (a, b),
while s sends a to ab and Þxes b. A group satisfying Theorem C is then obtained by forming
the HNN extension of F (a, b)JF (s, t) with a stable letter q that commutes with a and bt.
The resulting group, which we call !
2
, has the following aspherical presentation:
!
2
"Sa, b, s, t, qDs~1as"ab, [s, b]"[t, a]"[t, b]"[q, a]"[q, bt]"1T.
Further examples are described in Sections 3 and 4.
This article is organized as follows. In Section 1 we explain the deÞnition of Coneu !. In
Section 2 we explain how the simple connectivity of Coneu! constrains the diameter of van
Kampen diagrams for !. In Section 3 we prove that diagrams for the group !
2
do not satisfy
these constraints, but !
2
does satisfy a polynomial isoperimetric inequality. A sequence of
groups !
m
related to !
2
is described in Section 3, and in Section 4 we describe a general
method for constructing groups that satisfy Theorem C.
1. ASYMPTOTIC CONES
In the 15 years since GromovÕs remarkable paper on groups of polynomial growth [8],
the idea of taking the Hausdor⁄ limit of a sequence of abstract metric spaces has proved to
be an extremely useful tool in both di⁄erential geometry and geometric group theory. The
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range of applications of this idea has been extended in recent years by the use of ultralimits.
This is the context in which the study of asymptotic cones arose (see [6, 10]). We give
a description of asymptotic cones that follows [10].
Let ! be a group with a Þxed Þnite generating set. Let (X, d ) denote the corresponding
Cayley graph (with metric d ) and consider the sequence of metric spaces X
n
"(X, (1/n)d).
What does this sequence of metric spaces look like?
Well, X
n
is what you see if you walk away from the Cayley graph and stop when points
in X that are actually a distance n apart now appear as close as points a distance 1 apart did
when you started. As you look at X from these increasingly distant perspectives, you
observe that certain conÞgurations of points resemble arrangements that you saw earlier.
Roughly speaking, an asymptotic cone for the group ! is a space which encodes the totality
of these recurring Þnite conÞgurations.
As a Þrst approximation to a precise deÞnition, one might say that a metric space (‰, d )
is a limit of a sequence of metric spaces (‰
n
, d
n
) if for every Þnite set of points Mp
1
,2, piNL‰
and every e’0, for inÞnitely many n one can Þnd subsets Mpn
1
,2, pniNL‰n such that
Dd
n
(pn
j
, pn
k
)!d (p
j
, p
k
) D(e for all 1)j, k)i. But this is too weak a notion of limit for most
purposes. In order to obtain a more reasonable notion one should replace ÔÔfor inÞnitely
many nÕÕ by ÔÔfor almost all nÕÕ, and one should also require ‰ to be maximal in some sense.
In order to quantify ÔÔalmost allÕÕ we need a measure:
A non-principal ultraÞlter on N is a Þnitely additive probability measure u such that all
subsets SLN are u-measurable, u(S)3M0, 1N and u (S)"0 if S is Þnite.
LEMMA 1.1. ‚et u be a non-principal ultraÞlter on N. For every bounded sequence of real
numbers a
n
there exists a unique point l3R such that uMn : Da
n
!lD(eN"1 for every e’0.
One writes l"limu an .
1.1. Definition of u-limit and asymptotic cone
Let (X
n
, d
n
) be a sequence of metric spaces with basepoints p
n
and let X
=
denote the set
of sequences (x
n
), where x
n
3X
n
and d
n
(x
n
, p
n
) is bounded independently of n. Consider the
equivalence relation [(x
n
)\(y
n
) i⁄ limu dn(xn, yn)"0], and let Xu denote the set of equiva-
lence classes. Endow Xu with the metric du((xn), (yn))"limu dn(xn, yn). One writes
(Xu, du)"limu (Xn, dn) (if the choice of basepoints is not important).
The notation x
n
Px is used to mean that x3Xu is the equivalence class of the sequence
(x
n
), where x
n
3X
n
.
We are interested in the case of a Þxed metric space X (a Cayley graph in fact) with
a Þxed basepoint (the identity vertex) and a metric d. Let X
n
"(X, (1/n)d). In this case Xu is
called the asymptotic cone of X and is denoted Coneu(X).
If every point of X is within a Þxed distance, 1 say, of a subspace ‰, then the inclusion
‰)X induces an isometry Coneu(‰)PConeu(X). Thus we may pass freely between the
asymptotic cone of the Cayley graph of a Þnitely generated group ! and the asymptotic
cone of the group itself. Bi-Lipschitz maps of metric spaces ‰P‰@ induce bi-Lipschitz
maps Coneu (‰)PConeu(‰@), so since there is only one Lipschitz class of word metrics on
any Þnitely generated group !, the topological space Coneu! is independent of the choice of
generators (word metric).
Remark. For certain metric spaces one can show that there exist non-principal ultraÞl-
ters uOu@ so that Coneu (X) and Coneu{(X) are not homeomorphic, but it is unknown
whether this can happen when X is a Cayley graph.
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The following observation is easily proved:
LEMMA 1.2. If X is a length space and u is a non-principal ultraÞlter, then Coneu (X) is
a complete geodesic space.
2. ISODIAMETRIC INEQUALITIES
We assume that the reader is familiar with van Kampen diagrams as explained in [12].
…e Þx a group ! with Þnite presentation SA DRT. ‚et d denote the associated word metric
and let (X, d ) denote the Cayley graph. ‚et X
n
"(X, d
n
), where d
n
"(1/n)d.
If a word w in the free group on A represents the identity in ! then w is called
null-homotopic.
DeÞnition 2.1. Let w be a word that represents the identity in !. Let * be a van Kampen
diagram for w with basepoint p. Endow the 1-skeleton of * with a path metric o that gives
each edge length 1. DeÞne
Diam *"maxMo (p, q) Dq a vertex of *N,
diam(w)"maxMDiam *D* a van Kampen diagram for wN.
The isodiametric functions of SA DRT is
’(n)"maxMdiam(w) Dw"! 1, DwD)nN.
Area(w) is the least number of 2-cells in any van Kampen diagram for w, and the Dehn
function f : NPN of SA DRT is deÞned to be f (n)"minMArea(w) Dw"! 1, DwD)nN.
It is convenient to extend ’ and f to maps R
‘
PN by making them constant on each
interval [n, n#1).
Given two functions g, h :NPR
‘
, one writes h^ g if there exists a constant K’0 such
that h(n) Kg (Kn)#Kn. If h^ g and g^ h then one writes hKg. The isodiametric
functions of any two Þnite presentations of a Þxed group are K equivalent, as are the Dehn
functions (see [7] for references). Thus, it makes sense to talk of ÔÔtheÕÕ isodiametric function
’! of ! and ÔÔtheÕÕ Dehn function f! , with the understanding that these functions are only
well-deÞned up toKequivalence.
If ’!(n)^ n then one says that ! satisÞes a linear isodiametric inequality. If there exists
a constant a such that f!(n)^ na then one says that ! satisÞes a polynomial isoperimetric
inequality.
2.1. Constructing loops in Coneu!
We Þx a non-principal ultraÞlter u on N and a constant j’0, and we consider how
a sequence of null-homotopic words w
n
3F (A) with lengths Dw
n
D)jn gives rise to loops in
Coneu!"ConeuX. The identity sequence 1u"(1) provides a natural basepoint for
ConeuX. We begin by describing how (wn) gives rise to a loop based at 1u.
sThis terminology is due to Gersten [7]. Some authors prefer Fill
0
Diam, which was introduced in [10].
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Each w
n
deÞnes an edge-loop in the Cayley graph X based at 13!. In the scaled metric
on X
n
, the loop deÞned by w
n
has length at most j. We view w
n
as a map from the boundary
of the unit square S"[0, 1]][0, 1] into X
n
that parametrizes this path proportional to arc
length. (Take (0, 0) as the basepoint of S.)
For each x3LS, let xn3X
n
denote the image of x under w
n
. Because d
n
(xn, yn) j Dx!yD
for all x, y3LS, each of the sequences (xn) deÞnes a point xu3Coneu !. The map x>xu is
a continuous (indeed Lipschitz) loop in Coneu!; it is based at 1u and has length at most j.
We denote this loop wu (or limu wn).
More generally, given any point z3Coneu !, from (wn) we construct a loop of length
)j based at z. In order to do so, we Þrst choose a sequence of elements c
n
3!LX
n
so that
c
n
Pz (in the notation established in Section 1.1). Then, instead of considering w
n
as a loop
in X
n
based at the identity, we consider the translated loop w(z)
n
:"c
n
)w
n
based at c
n
. Because
d
n
(1, c
n
) is bounded, by k say, this translated loop lies in the (k#j)-neighbourhood of
13X
n
. Thus we may form limuw(z)n , as in the previous paragraph. This is a Lipschitz loop of
length at most j based at z; we denote it w(z)u . (One can check that this construction is
independent of the choice of sequence c
n
Pz. In fact, we are just looking at a consequence of
the fact that Coneu! is homogeneous.)
2.2. The implications of simple connectivity
If the loop wu : LSPConeu! constructed in Section 2.1 is null-homotopic then it has
a continuous extension Du :SPConeu !. Assuming this to be the case, we Þx e’0 and
subdivide S into small equally sized squares with vertices Mp
i, j
D1)i, j)MN such that each
edge in this subdivision of S is mapped to a geodesic of length at most e. Let x
i, j
"Du(pi, j).
‚et * denote the 1-skeleton of the subdivision of S with vertices p
i,j
.
Each of the points x
i,j
3Coneu! deÞnes a sequence of points (xni, j) with xni,j3Xn, where
for u-almost every n we have
Dd
n
(xn
i,j
, xn
i{,j{
)!du (xi,j, xi{,j{) D(e/2
for all 1)i, j)M. We connect the xn
i,j
with geodesic segments and then perturb the
resulting map *PX
n
so that it is cellular and its restriction to L* is w
n
. In this way, for
inÞnitely many integers n, we obtain a cellular map D
n
:*PX
n
whose restriction to L* is
w
n
and which sends each edge to a path of length at most 2e (and hence the boundary of each
of the M2 small squares in * to a loop in X
n
of length at most 8e).
Exactly the same considerations apply to all of the loops w(z)u constructed in
Section 2.1.
2.3. Inductive bounds on the diameter of van Kampen diagrams
Unscaling the metric on X
n
, we now view the map D
n
constructed in Section 2.2 as a map
*PX. As such it sends the boundary of each of the M2 small squares in * to an edge-loop
of length at most 8en. We obtain a van Kampen diagram for w
n
by Þlling each of these small
loops with a van Kampen diagram of minimal diameter and labelling the edges of * by the
words on the edge loops in X to which they map. (In this description we allow degenerate
faces; one may collapse these if desired.) By deÞnition, each vertex in each of these (small)
van Kampen diagrams can be connected to the boundary of that small diagram by an
edge-path of length at most ’(8en). It can then be connected to the basepoint on L* by an
additional path labelled by a word of length at most Men#Dw
n
D.
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Once again, exactly the same considerations apply to all of the loops w(z)u constructed in
Section 2.1. Thus, in summary, we have:
LEMMA 2.2. Fix j’0 and e’0. ‚et (w
n
) be a sequence of null-homotopic words with
lengths Dw
n
D)jn. If for some z3Coneu! the loop w(z)u (which has length at most j) is
contractible in Coneu!, then there exists a constant N such that
diam(w
n
) Nn#’(8en)
for u-almost every n3N.
From this we deduce:
PROPOSITION 2.3. ‚et ! be a Þnitely presented group. Suppose that there exists a non-
principal ultraÞlter u such that some point p3Coneu! has a neighbourhood » for which the
image of n
1
(», p)Pn
1
(Coneu!, p) is trivial. „hen the isodiametric function ’ for any Þnite
presentation of ! has the following property:
For every d’0 there exist a constant C’0 such that
’(n) Cn#’(dn)
for inÞnitely many n3N.
Proof. If such p and » exist, then we choose j3 (0, 1) suƒciently small to ensure that the
ball of radius j about p is contained in ». Fix e’0 so that 8en(d (jn!1) for all n’1/j.
Let u
n
be a sequence of null-homotopic words with Du
n
D)n and ’(n)"diam(u
n
). Let nN be
the integer part of jn and deÞne w
n
"u
nN
. The loop w(p)u (notation of Section 2.1) is contained
in the ball of radius j about p, therefore it is contractible in Coneu!. Let N be as in
Lemma 2.2, and Þx C’2N/j. Then ’(nN )"diam(w
n
) Nn#’(8en) for u-almost every
n3N. Since n((nN #1)/j and ’ is a non-decreasing function, for large nN we deduce that
’(nN ) CnN #’(dnN ) for u-almost every n3N. h
Remark 2.4. If ’(n) grows reasonably uniformly as a function of n, then via a simple
induction, the inequality in Proposition 2.3 yields a linear bound on ’(n). The need for
uniform growth comes from the fact that we do not know that the given inequality holds for
all n but only for those n belonging to an unidentiÞed inÞnite set. On the other hand, even
without such a uniform growth condition, one can show that if there does not exist a linear
bound on ’(n) then for some u, the cone Coneu ! is not simply connected (cf. [14]).
Our proof of Theorem C relies on the following special case of Proposition 2.3.
COROLLARY 2.5. ‚et ! be a Þnitely presented group. If ’!(n)Knr, where r’1, then
! satisÞes the addendum to „heorem C.
3. FIRST EXAMPLES
In this section we prove that a family of groups including the group !
2
described in the
introduction satisfy Theorem C and its addendum. In the light of Corollary 2.5, it suƒces to
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show that each of the groups in question satisÞes a polynomial isoperimetric inequality but
has isodiametric function Knr, where r’1. In order to clarify the exposition, we concen-
trate Þrst on !
2
.
THEOREM 3.1. !
2
has Dehn function Kn5 and isodiametric functionKn2.
The Þrst of the following lemmas provides a means of establishing upper bounds on
Dehn functions and isodiametric functions. The second provides a means of establishing
lower bounds on isodiametric functions.
Notation. We write F (a ) to denote the free group on a set a. As always, we write DuD to
denote the length of a word u3F (a ). And if b is a subset of a then we write DuD
b
to denote the
total number of occurences of the letters bB1 in u.
The following lemma, with a"1, will be applied to the subgroup F (a, b)JF(s, t)-!
2
.
LEMMA 3.2 ‚et G"F (a)JF(x, t), where a and x are Þnite and t acts trivially on a. Fix
a Þnite presentation for G with these generators. Suppose that there exist constants k’0 and
a’0 such that for all w3F (x ) and all a3a the element w~1aw3G can be written as a word
of length less than kDwDa in the generators aB1. „hen there exists a constant K’0 such that if
u3F (a, x, t) represents 13G then
(1) Area(u) K DuD ( DuD
a
DuDa
x
#DuD
x
#DuD
t
), and
(2) diam(u) K DuD.
Proof. The Main Lemma of [2] gives an asynchronous combing of G, and the bound in
(2) follows immediately by a standard diagrammatic argument (see [1]). The bound in (1)
comes from estimating the length of the combing lines. These combing lines are obtained by
writing elements of G in the normal form v
1
v
2
, where v
2
3F (a ) and v
1
3F (x, t) are
geodesics. If an element of G is given as a word u, then in order to put it into normal form
one must move all subwords of the form w3F (x ) to the left. One achieves this by rewriting
subwords aw as ww~1aw and then expressing w~1aw as a word in F (a ). Our hypothesis on
the length of the a-words representing w~1aw gives a bound of kDuD
a
DuDa
x
on the length of the
word v
2
in the normal form for u. Thus the combing line representing u3G has length at
most kDuD
a
DuDa
x
#DuD
x
#DuD
t
. The estimate in (1) follows immediately from this by a standard
diagrammatic argument (see [1]). h
Let * be a van Kampen diagram for a null-homotopic word in !. Let C be the Cayley
graph of !, let *(1) be the 1-skeleton of * and let p be its basepoint. The unique
label-preserving morphism of graphs (*(1), p)P(C, 1) restricts to a map *(0)PG that we
shall denote n* .
We shall apply the following lemma to !
2
with r"2.
LEMMA 3.3. ‚et G"SA, t DRT and suppose that [t>t, a>1 "a3A] deÞnes
a homomorphism h :GPStT.
If there exist constants k
1
’0, k
2
’0, r’1, a sequence of words w
n
3F (A, t), and
a sequence of elements g
n
3G such that
(1) Dw
n
D)k
1
n and h (g
n
)*k
2
nr, and
(2) g
n
3 im n* for every van Kampen diagram * for wn,
then the isodiametric function of G is¤ nr.
ASYMPTOTIC CONES AND POLYNOMIAL ISOPERIMETRIC INEQUALITIES 549
Proof. Let * be a van Kampen diagram for w
n
. Let p be the basepoint of * and let o be
as in (2.1). Note that d (1, n*(q)) o (p, q) for all vertices q3*(0). Since gn3imn* and
h(g
n
)*k
2
nr, the image of n* is not contained in the ball of radius k2nr about 13G, and
therefore there exists q3*(0) such that o(p, q)*k
2
nr. h
Proof of „heorem 3.1. We work with the Þnite presentation of !
2
given in the introduc-
tion.
„he lower bound on ’!
2
(n): In order to obtain the desired lower bound we apply
Lemma 3.3 with g
n
"q(a (bt)n)n and
w
n
"q[(s~nansn) (snans~n)]q~1[(s~nansn) (snans~n)]~1.
Note that the term in square brackets is equal in !
2
to v
n
:"(abn)n(ab~n)n, which is a word
of length 2(n2#1). Since v
n
"(a (bt)n)n(a(bt)~n)n in !, it commutes with q, and hence w
n
"1
in !
2
.
Let * be a van Kampen diagram for w
n
. No proper subword of w
n
represents the identity
in !
2
(by BrittonÕs lemma [12]), therefore * is a disc and every edge of L* lies in the
boundary of some 2-cell. It follows that there is a q-corridor connecting the two edges of L*
labelled q.
We pause to explain q-corridors, which are a well-known device for examining the
geometry of van Kampen diagrams (see [4] for a careful treatment). Consider the 2-cell
abutting the Þrst edge of L* (the edge is labelled q). Because the only relations involving
q are [q, a] and [q, bt], in the boundary of this 2-cell there are exactly two edges labelled q.
One of these q-edges does not lie in L*, and a second 2-cell meets the Þrst along this edge.
Proceeding in this way, one sees that there is a chain of 2-cells extending across *, beginning
at the initial edge of L* and ending at an edge of L* that is labelled q~1 (following the
orientation of L*). In the case of the diagram that we are considering, there is only one
choice for this last edge.
The chain of 2-cells just described is called a q-corridor. Each of its 2-cells is labelled by
a relation in which q$1 occurs twice, and apart from the initial and terminal edges of the
corridor, all q-edges are interior to the corridor. The edges not labelled q form the sides of
the corridor. Two important points to note about q-corridors are that no two q-corridors
can intersect in their interior, and each side of the corridor is labelled by a word in the free
group F(a, bt) that represents the same element of !
2
as the word labelling the arc of L* that
connects the endpoints of that side.
Returning to our speciÞc diagram for w
n
, we have a single q-corridor connecting the two
edges of L* labelled q. Each side of the corridor is labelled by a word in F (a, bt) that is equal
in !
2
to (a (bt)n)n(a(bt)~n)n. Since this last word is reduced, the words labelling the sides of the
corridor must freely reduce to it in F (a, bt), and therefore n* of some vertex in the corridor is
g
n
"a (bt)n.
„he upper bound on the Dehn function of !
2
: Now let * be an arbitrary van Kampen
diagram with DL*D"n. In order to obtain the desired upper bound on the Dehn function, it
suƒces to consider the case where * is a disc and has minimal area among all diagrams with
the same boundary label.
First observe that * does not contain any q-rings, i.e annular subdiagrams consisting of
2-cells labelled by the relations [q, a] and [q, bt]. Indeed, if there were such an annular
subdiagram then its outer boundary cycle would be labelled by a null-homotopic word
in F (a, bt). But since F (a, bt) injects into !
2
, the minimal diagram for this null-homotopic
word ought to have area zero, so the word cannot bound a non-trivial region of a minimal
area diagram.
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Next observe that any diagram that contains a 2-cell labelled [q, a] or [q, bt] must
contain a q-corridor or q-ring: as in the construction of q-corridors, one simply moves from
one such 2-cell to the next across edges labelled q, without backtracking, and eventually one
must come to the boundary of the diagram or else the chain of 2-cells closes into a q-ring. In
the case of minimal-area diagrams, we know that there are no q-rings, so if the word
labelling L* contains no occurences of q then * will be a diagram over the subpresentation
obtained by deleting the generator q and the relations [q, a] and [q, bt]. This subpresenta-
tion presents the subgroup F (a, b)JF (s, t), and Lemma 3.2 (with a"1) gives an upper
bound Kn3 on the area of * in this case.
In the general case, where the word labelling L* may contain occurences of q, there are
less than n/2 q-corridors in *. The number of 2-cells in each corridor is equal to the length,
measured in F (a, bt), of the words p labelling its sides. These words are reduced (since * is
minimal-area and hence reduced) and equal in !
2
to the word labelling each of the subarcs
of L* connecting the endpoints of the side. In fact, since sending q to 1 deÞnes a retraction of
!
2
onto F(a, b)JF (s, t), we see that p is equal in F (a, b)JF (s, t) to a word of length n/2,
and therefore p itself has length less than n2. Thus, we deduce that the total area of all of the
q-corridors is less than n3.
By removing the union of the interiors of the q-corridors, one decomposes * into less
than n sub-diagrams. The boundary of each sub-diagram consists of arcs coming from the
original boundary L* and arcs coming from the sides of the corridors; the former have total
length less than n and the latter have total length less than 4n2 (cf. [3, 4.1]); the letter s can
occur only on subarcs of the former type. Lemma 3.2(1), with a"1, a"Ma, bN and x"MsN,
gives a quartic upper bound on the area of each subdiagram, and thus we obtain the desired
quintic upper bound on the area of *.
„he upper bound on ’!
2
(n): According to Lemma 3.2(2), the diameter of each of the
subdiagrams discussed in the preceding paragraph is^ n2.
„he lower bound on the Dehn function of !
2
: Consider the sequence of words
w
n
"(sts~1q)n[(s~nansn) (snans~n)](sts~1q)~n[(s~nansn) (snans~n)]~1.
As in the Þrst step of the proof, we note that the term in the square bracket is equal in !
2
to
v
n
"(abn)n(ab~n)n, which commutes with q. Since sts~1 acts trivially on F(a, b), it follows that
w
n
represents the identity in !
2
.
Let * be a minimal-area van Kampen diagram for w
n
. Let arc
1
,2, arc4 be the subarcs
of L* labelled, respectively, (sts~1q)n, v
n
, (sts~1q)~n and v~1
n
.
Consider the q-corridors in *: there are n of them, the ith of which begins at the 4ith edge
of arc
1
and ends at the 4(n!i)th edge of arc
3
. There are also 2n s-corridors in *, the
(2i#1)th of which begins at the (4i#1)th edge of arc
1
and ends at the [4(n!i)!1]th edge
of arc
3
, and the 2ith of which begins at the (4i!2)th edge of arc
1
and ends at the
[4(n!i)#2]th edge of arc
3
. Because there is no relation involving both s and q, no
q-corridor can cross an s-corridor.
The lower side of the ith q-corridor and the upper side of the 2ith s-corridor together
bound a simply connected subdiagram of * whose boundary cycle is labelled by a word
freely equal to ”
n
:"a (bt)n¨a (bt)~n¨bn¨a~1b~n¨a~1.
It is easy to see that the area of the smallest van Kampen diagram for ”
n
over the
sub-presentationP
0
"Sa, b, t D[a, t]"[b, t]"1T is exactly n4. In fact, this is the area of the
unique reduced diagram which ”
n
bounds over both P
0
and our chosen (aspherical)
presentation of !
2
. Since * contains n subdiagrams of the type we have just described, we get
a lower bound of n5 on the area of *.
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This completes the proof of Theorem 3.1. h
3.1. The groups !
m
Let F
m
be a free group of rank m with basis Ma
1
,2, amN and consider the semidirect
product F
m
J F(s, t), where t acts trivially on F
m
and the action of s sends a
i
to a
i
a
i‘1
for
i(m and Þxes a
m
. Let !
m
be the HNN extension of F
m
J F (s, t) obtained by adding a stable
letter that commutes with the free subgroup generated by Ma
1
, a
2
,2 , am~1, amtN. Then the
following is a presentation for !
m
:
Sa
1
,2, am, s, t, qD"i(m, s~1ais"ai‘1, [t, ai]"[q, ai]"[s, am]"[t, am]"[q, amt]"1T
Lemma 3.2 applies to !
m
with a"m!1. And Lemma 3.3 applies with r"m. Modulo
these observations, the proof of Theorem 3.1 applies mutatis mutandis to !
m
and we obtain:
THEOREM 3.4. !
m
has Dehn functionKn2m‘1 and isodiametric function Knm.
4. FURTHER EXAMPLES
In this section we indicate some of the many variations that are possible on the theme of
Theorem 3.1. Further examples of groups satisfying Theorem C can be constructed using
the ideas in [3].
Example 4.1. If one adds the relation [s, t]"1 to the presentation of !
m
given above,
then the quotient group !1
m
is an HNN extension of P"(F
m
JSsT)]StT. The upper bound
on the Dehn function and both the upper and lower bounds on the isodiametric function in
Theorem 3.4 remain valid with !1
m
in place of !
m
; the proofs are essentially identical.
In the case m"2, the action of s on F
2
can be realised as a Dehn twist of a punctured
torus, so F
2
JSsT is the fundamental group of a compact 3-manifold M3 whose boundary is
a torus, and P is the fundamental group of the aspherical 4-manifold obtained by crossing
M3 with the circle. As a further variation, one can double the punctured torus along its
boundary circle, extend the action of s by reßection, and replace M3 with the mapping torus
of the resulting surface automorphism. This mapping torus supports a metric of non-
positive curvature and hence so does the 4-manifold obtained by crossing it with the circle.
For the ensuing HNN extension, the arguments given in Theorem 3.1 again suƒce to give
an upper bound on the Dehn function and upper and lower bounds on the isodiametric
function.
Remark. For m*3 one cannot mimic the above construction because the automor-
phism of F
m
in the deÞnition of !
m
has non-linear polynomial growth and therefore cannot
be realised by a surface homeomorphism.
Example 4.2. Instead of requiring the stable letter q in the deÞnition of !
m
to commute
with Ma
1
, a
2
,2, am~1, amtN, one could require it to commute with Ma1,2, ait
e
i,2, amtN,
where the e
i
3M0, 1N are chosen arbitrarily. One could also use split extensions S JF (s, t)
where S is not free; for example one might take S to be a surface group.
4.1. A general construction
We sketch a general construction that highlights some of the essential features of
Theorem 3.1. Let H be a Þnitely presented group with word metric d. Suppose that
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H satisÞes a polynomial isoperimetric inequality. Suppose further that H has a cyclic
subgroup that is polynomially distorted, i.e. there exists b3H and constants 0(a)b(1
and k
1
, k
2
’0 such that na(k
1
d(1, bn) for all n3N and d(1, bn) k
2
nb for inÞnitely
many n3N.
We take the free product H*H@ of two copies of H, form (H*H@)]Z and then add
a stable letter q that commutes with the free subgroup generated by bt and b@t, where t is the
generator of the Z factor. Thus we obtain
G"SA,A@,R,R@, t, qDR, R@, [q, bt]"[q, b@t]"1"[t, a]"[t, a@] "a3AT,
where SA DRT is a presentation for H. (We include b in the generating set A.)
A key property of G, in common with !
m
, is that by killing all of the generators except
t one obtains a retraction onto the cyclic subgroup generated by t. Thus, d (1, (bt)n)*n in G,
and we are in a position to use Lemma 3.3.
THEOREM 4.3. G satisÞes a polynomial isoperimetric inequality but does not satisfy a linear
isodiametric inequality.
Proof. We follow the proof of Theorem 3.1. Consider the q-corridors in a minimal-area
van Kampen diagram * over the above presentation, where DL*D"n. There are at most n/2
such corridors and the area of each is at most 2(k
1
n)1@a. By removing them, one decomposes
the diagram into regions each of which is a diagram over the sub-presentation representing
(H* H@)]Z. The boundary of each of these regions is labelled by a null-homotopic word of
length less than n#2(k
1
n)1@a (cf. [3, 4.1]), so the combinatorial area of each region is
^ f (n1@a), where f (n) is the Dehn function of (H*H@)]Z. The Dehn function of (H*H@)]Z
isKequivalent to that of H (or to n2 if H is hyperbolic) and there are at most n regions in the
complement of the q-corridors. Thus, we obtain a polynomial upper bound on Area(*).
By hypothesis, there exist arbitrarily large integers n and words w
n
of length )k
2
n in
the generators A such that w
n
"bm in H, where m*n1@b. Consider qw~1
n
w
n
@q~1w
n
w
n
@~1.
Any van Kampen diagram for this null-homotopic word must contain a q-corridor whose
sides are labelled by a word which is equal in F (bt, b@t) to (bt)~m(b@t)m. The retraction of
G onto StT shows that d(1, (bt)m)*m. Since m*n1@b and b(1, it follows that G does not
satisfy a linear isoperimetric inequality (cf. Lemma 3.3). h
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